Abstract. Families of symmetric simple random walks on Cayley graphs of Abelian groups with a bound on the number of generators are shown to never have sharp cut off in the sense of [1], [3] or [5] for the convergence to the stationary distribution in the total variation norm. This is a situation of bounded degree and no expansion. Sharp cut off or the cut off phenomenon has been shown to occur in families such as random walks on a hypercube [1] in which the degree is unbounded as well as on a random regular graph where the degree is fixed, but there is expansion [4] . These examples agree with Peres' conjecture in [3] relating sharp cut off, spectral gap and mixing time.
Introduction
A random walk on a finite Abelian group G is called type r if |G| ≥ π r and the walk is given by applying one of the elements {±a i , 0} i∈[r] each with equal probability or equivalently a simple random walk on the Cayley graph for the generating set {±a i } with the probability of staying at a vertex the same as that of following each edge. See Section eight of [5] for more on the convergence rate of such walks. If A is an irreducible symmetric Markov matrix with unique stationary distribution v 0 (so that Av 0 = v 0 and |v 0 | 1 = 1) and x 0 = (1, 0, . . . , 0) write
for the eigenvalues of A with λ 0 = 1 and |λ m | = max k =0 |λ k | < 1.
Definition 2.
A family {A i } of irreducible symmetric Markov matrices has sharp cut off if
Proof of Theorem 1
The proof is given for the case in which every group is cyclic. Other Abelian groups work similarly. Proof. Consider a type r walk on Z/nZ with step directions {±a i } and irreducible symmetric Markov transition matrix A. Note the Fourier expansion:
Proof. For the left inequality note that A = A * is self adjoint and the stationary distribution is v 0 = 
For the right inequality if v k is the eigenvector of A with eigenvalue λ k and every entry having norm
Replace trigonometric functions with exponentials using that if Eliminate the one norm by using that |v| 1 ≥ |v| 2 and write x ∈ (− Combining these gives for every k that
Since n ≥ π r and Vol[R n /(Z n + a.
Lemma 4. For every r there is κ r so that if Λ is a full rank lattice in R r and µ = min 0 =σ∈Λ {|σ| 2 } then 
Proof.
Definition 5. A full rank lattice Λ ⊆ R r is tight if µ = min 0 =σ∈Λ {|σ| 2 } = 1 and there is a basis for Λ so that |{σ ∈ Λ||σ| 2 = 1}| is maximal among lattices generated by rescalings of this basis with shortest nonzero element of length one.
Note that the tight lattices form a compact subset of all full rank lattices in R n .
Definition 6. An acute cone in a lattice Λ ⊆ R n is a free submonoid generating Λ as a group and with all inner products of nonzero elements positive.
Note that acuteness of a cone is an open condition in the space of lattices and every lattice has a finite decomposition into acute cones. Write
where Λ is a full rank lattice and {C i } i∈I is a decomposition into interiors of acute cones. By compactness κ r is finite. Note that for any rank r lattice Λ with µ = min 0 =σ∈Λ {|σ| 2 } = 1 there is a tight lattice Λ ′ with σ∈Λ e −a|σ|
obtained by rescaling some generators.
If Ω is the interior of an acute cone of dimension d > 0 in a tight lattice then
✷
Thus using the second inequality from Lemma 3
Using the first inequality from Lemma 3 at d = ǫ, the above inequality at d = 1−ǫ and taking ǫ < e −2π 2 (2r+1)κr gives t A (ǫ) t A (1 − ǫ) ≥ − ln ǫ 2π 2 (2r + 1)κ r > 1.
Note that the same bound as above gives t A ( ) is uniformly bounded and this class of examples agrees with Peres' conjecture in [3] .
